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Abstract
We revisit, improve and complete some recent estimates of the 0+ and 1− open charm (c¯d¯)(us)
tetraquarks and the corresponding molecules masses and decay constants from QCD spectral sum rules
(QSSR) by using QCD Laplace sum rule (LSR) within stability criteria where the factorised perturbative
NLO corrections and the contributions of quark and gluon condensates up to dimension-6 in the OPE
are included. We confront our results with the DK invariant mass recently reported by LHCb from
B+ → D+(D−K+) decays. We expect that the bump near the DK threshold can be originated from
the 0++(D−K+) molecule and/or DK scattering. The prominent X0(2900) scalar peak and the bump
XJ(3150) (if J = 0) can emerge from a mixing between a scalar Tetramole (TM0) (superposition of nearly
degenerated hypothetical molecules and compact tetraquarks states having the same quantum numbers)
and the first radial excitation of the D−K+ molecule with a tiny mixing angle θ0 ' (5.3 ± 2.1)0. The
X1(2900) and the XJ(3350) (if J = 1) could be a mixture between the vector Tetramole TM1 and its
first radial excitation with an angle θ1 ' (8.6± 0.6)0 .
Keywords: QCD Spectral Sum Rules, Perturbative and Non-perturbative QCD, Exotic hadrons, Masses and Decay con-
stants.
1 Introduction
QCD spectral sum rules (QSSR)a` la SVZ [1, 2, 3] have been applied since 41 years 1 to study successfully the
hadron properties (masses, couplings and widths) and to extract some fundamental QCD parameters (αs,
quark masses, quark and gluon condensates,...).
Beyond the successful quark model of Gell-Mann [15] and Zweig [16], Jaffe [17] has introduced the four-
quark states within the framework of the bag models for an attempt to explain the complex structure of the
I = 1, 0 light scalar mesons (see also [18, 19, 20]).
In earlier papers, QSSR has been used to estimate the I = 0 light scalar mesons (σ, f0,) masses and
widths [21, 22] assumed to be four-quark states. However, the true nature of these states remains still an
open question as they can be well interpreted as glueballs / gluonia [23, 24, 25, 26, 27].
More recently, after the recent discovery of many exotic states beyond the quark model found in different
accelerator experiments 2, there was a renewed interest on the four-quarks and molecule states for explaining
the properties of these new states.
1For revieews, see e.g [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14].
2For recent reviews, see e.g. [28, 29, 30] and references quoted therein.
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In previous papers [31, 32, 33, 34], we have systematically studied the masses and couplings of the open-
charm and -beauty molecules and tetraquark states using QSSR with the inclusion of factorised contributions
at next-to-next-to leading order (N2LO) of perturbation theory (PT) and of the quark and gluon condensates
up to dimension 5-7 using the inverse Laplace transform (LSR) [35, 36, 37, 38] of QCD spectral sum rules
(QSSR). More recently, we have extended the analysis to the fully hidden scalar molecules and tetraquark
states [39]. We have emphasized the importance of these PT corrections for giving a meaning on the input
heavy quark mass which plays an important role in the heavy quark sector analysis. However, these correc-
tions are numerically small in the MS-scheme as there is a partial compensation of the radiative corrections
in the ratio of sum rules used to extract these masses. This property (a posteriori) justifies the uses of the
MS running masses in different channels at lowest order (LO) [28]. In this paper, we attempt to estimate,
Figure 1: LHCb preliminary results for the DK-invariant mass from B → DDK-decays.
from LSR, the masses and couplings of the 0++ and 1− molecules and compact tetraquarks states for inter-
preting the recent LHCb data from B → D+(D−K+) decays where in the D−K+ invariant mass shown in
Fig.1 [42, 43], one finds two prominent peaks (units of MeV):
MX0(0
+) = (2866.3± 6.5± 2.0), ΓX0 = (57.2± 12.9),
MX1(1
−) = (2904.1± 4.8± 1.3), ΓX1 = (110.3± 11.5). (1)
We have studied in Ref. [31] the masses and couplings of the D0K0(0++) molecule and of the corresponding
tetraquark states decaying into D0K0 but not into D−K+ and found the lowest ground state masses :
MDK = 2402(42) MeV, fDK = 254(48) keV,
Mc¯u¯ds = 2395(68) MeV, fc¯d¯us = 221(47) keV. (2)
where the LSR parameters at which one obtains the previous optimal results are:
τ ' 0.7 GeV−2, tc ' (12 ∼ 18) GeV2. (3)
We have used this result to interpret the nature of the D∗s0(2317) compiled by PDG [44] where the existence of
a DK pole at this energy has been recently confirmed from lattice calculations of scattering amplitudes [45].
For the molecule state, we can interchange the u and d quarks in the interpolating current and deduce
from SU(2) symmetry that the D−K+(0++) molecule mass is degenerated with the D0K0 one. Compared
with the LHCb data, one may invoke that this charged molecule can be responsible of the bump near the
DK threshold around 2.4 GeV but is too light to explain the X0,1 peaks.
For the tetraquark state, one may not use a simple SU(2) symmetry (rotation of u and d quarks) to
deduce the ones decaying into D−K+ due to your present ignorance of the diquark dynamics (for some
attempts see [46]).
Therefore, recent analysis based on QSSR at lowest order (LO) of perturbation theory (PT) using some
tetraquarks configurations appear in the literature [47, 48, 49] where masses around (2.7 ∼ 2.9) GeV have
been derived.
However, due to the complexity of the QCD calculations and to different ways for extracting these
predictions, we think that it is important to revisit and to improve these LO results. This is the aim of the
present paper.
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2 The Laplace sum rule (LSR)
We shall work with the Finite Energy version of the QCD Inverse Laplace sum rules (LSR) and their ratios
:
Lcn(τ, µ) =
∫ tc
(mc+ms)2
dt tn e−tτ
1
pi
Im ΠM,T (t, µ) , Rcn(τ) =
Lcn+1
Lcn
, (4)
where mc and ms (we shall neglect u, d quark masses) are the running charm and strange quark masses, τ
is the LSR variable, n = 0, 1 is the degree of moments, tc is the threshold of the “QCD continuum” which
parametrizes, from the discontinuity of the Feynman diagrams, the spectral function Im ΠM,T (t,m2c ,m
2
s, µ
2)
where ΠM,T (t,m2Q, µ
2) is the scalar correlator defined as :
ΠM,T (q2) = i
∫
d4x e−iqx〈0|T OJM,T (x)
(OJM,T (0))† |0〉 , (5)
where OJM,T (x) are the interpolating currents for the tetraquarks T and moleculesM states. The superscript
J refers to the spin of the particles.
3 The interpolating operators
• Scalar states (0+)
– Tetraquarks
We shall work with the currents:
O0SS = ijk mnk
(
uTi Cγ5 dj
) (
c¯m γ5C s¯
T
n
)
, O0PP = ijk mnk
(
uTi C dj
) (
c¯m C s¯
T
n
)
,
O0V V = ijk mnk
(
uTi Cγ5γµ dj
) (
c¯m γ
µγ5C s¯
T
n
)
, O0AA = ijk mnk
(
uTi Cγµ dj
) (
c¯m γ
µC s¯Tn
)
, (6)
respectively for the Scalar-Scalar, Pseudoscalar-Pseudoscalar, Vector-Vector and Axial-Axial configurations.
– Molecules
We shall consider the following molecule currents :
O0DK = (c¯γ5d)(s¯γ5u) , O0D∗K∗ = (c¯γµd)(s¯γµu) ,
O0D1K1 = (c¯γµγ5d)(s¯γµγ5u) , O0D∗0K∗0 = (c¯d)(s¯u) . (7)
• Vector states (1−)
– Tetraquarks
We shall work with the currents:
O1AP = mnk ijk
(
c¯m γµC s¯
T
n
) (
uTi C dj
)
, O1PA = mnk ijk
(
c¯m C s¯
T
n
) (
uTi Cγµ dj
)
O1SV = ijk mnk
(
uTi Cγ5 dj
) (
c¯m γµγ5C s¯
T
n
)
, O1V S = ijk mnk
(
uTi Cγ5γµ dj
) (
c¯m γ5C s¯
T
n
)
(8)
– Molecules
The corresponding currents are :
O1D1K = (c¯γµγ5d) (s¯γ5 u) , O1DK1 = (c¯γ5d) (s¯ γµγ5 u) ,
O1D∗K∗0 = (c¯γµd) (s¯ u) , O
1
D∗0K∗
= (c¯ d) (s¯ γµ u) . (9)
The lowest order (LO) perturbative (PT) QCD expressions including the quark and gluon condensates
contributions up to dimension-six condensates of the corresponding two-point spectral functions are given
in the Appendix.
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• Higher Orders PT corrections to the Spectral functions
We extract the NLO PT corrections by considering that the molecule /tetraquark two-point spectral function
is the convolution of the two ones built from two quark bilinear currents (factorization) which is justified
because we have seen for the LO that the non-factorized part of the QCD diagrams gives negligible contri-
bution and behaves like 1/Nc where Nc is the number of colours (see some explicit examples in [34, 39]),
while at order αs, this feature has been shown from the analysis of the four-quark correlator governing the
B0 − B¯0 mixing [40, 41].
JP,S(x) ≡ Q¯[iγ5, 1]Q → 1
pi
ImψP,S(t) ,
JV,A(x) ≡ Q¯[γµ, γµγ5]Q → 1
pi
ImψV,A(t) . (10)
In this way, we obtain the convolution integral [40, 50]:
1
pi
Im ΠM,T (t) = θ(t− 16M2Q)
(
1
4pi
)2
t2
∫ (√t−2MQ)2
4M2Q
dt1
∫ (√t−√t1)2
4M2Q
dt2 λ
1/2KH , (11)
where :
KS,P ≡
(
t1
t
+
t2
t
− 1
)2
× 1
pi
ImψS,P (t1)
1
pi
ImψS,P (t2) ,
KV,A ≡
[(
t1
t
+
t2
t
− 1
)2
+ 8
t1t2
t2
]
× 1
pi
ImψV,A(t1)
1
pi
ImψV,A(t2) , (12)
with the phase space factor:
λ =
(
1−
(√
t1 −
√
t2
)2
t
)(
1−
(√
t1 +
√
t2
)2
t
)
, (13)
and MQ is the on-shell / pole perturbative heavy quark mass.
– The NLO perturbative expressions of the bilinear equal masses pseudoscalar spectral functions are
known in the literature [4, 5, 9, 51].
– We estimate the N2LO contributions assuming a geometric growth of the numerical coefficients [52, 53,
54, 55, 56]. We consider this contribution as an estimate of the error due to the truncation of the PT series.
• QCD input parameters
Table 1: QCD input parameters estimated from QSSR (Moments, LSR and ratios of sum rules). The running
masses mq are quoted by PDG [44].
Parameters Values Hadron sources Ref.
αs(MZ) 0.1181(16)(3) Mχ0c,b−Mηc,b [57]
mc(mc) [MeV] 1286(16) Bc ⊕ J/ψ [58, 59]
µˆq [MeV] 253(6) Light [4, 60, 61]
mˆs [MeV] 114(6) Light [4, 60, 61]
κ ≡ 〈s¯s〉/〈d¯d〉 0.74± 0.06 Light & heavy [4, 60, 62, 63]
M20 [GeV
2] 0.8± 0.2 Light & heavy [4, 14, 64, 65, 66, 67, 68, 69]
〈αsG2〉 [GeV4] (6.35± 0.35)× 10−2 Light & heavy [57]
〈g3G3〉/〈αsG2〉 (8.2± 1.0) GeV2 J/ψ [70, 71, 72]
ραs〈q¯q〉2 [GeV6] (5.8± 0.9)× 10−4 Light, τ -decays [14, 73, 74, 67, 75]
We shall use the QCD inputs in Table 1. The Renormalization Group Invariant parameters are defined
as [4, 5]:
m¯s(τ) = mˆs (−β1as)−2/β1 , 〈q¯q〉(τ) = −µˆ3q (−β1as)2/β1 ,
〈q¯Gq〉(τ) = −M20 µˆ3q (−β1as)1/3β1 , (14)
4
where β1 = −(1/2)(11− 2nf/3) is the first coefficient of the β function for nf flavours; as ≡ αs(τ)/pi; µˆq is
the spontaneous RGI light quark condensate [76]. The running charm mass is related to the on-shell mass
used to compute the two-point correlator from the NLO relation [77, 78, 79, 80, 81] :
Mc = mc(µ)
[
1 +
4
3
as + ln
(
µ
mc
)2
as +O(a2s)
]
(15)
The QCD condensates entering in the analysis are the light quark condensate 〈q¯q〉, the gluon condensates
〈αsG2〉 ≡ 〈αsGaµνGµνa 〉 and 〈g3G3〉 ≡ 〈g3fabcGaµνGbνρGcρµ〉, the mixed quark-gluon condensate 〈q¯Gq〉 ≡
〈q¯gσµν(λa/2)Gaµνq〉 = M20 〈q¯q〉 and the four-quark condensate ραs〈q¯q〉2, where ρ ' (3 ∼ 4) indicates the
deviation from the four-quark vacuum saturation.
4 Extracting the lowest ground state mass and coupling
In Ref. [31], we have extracted the lowest ground state mass by using the minimal duality ansatz:
ImΠM ' f2MM8Mδ(t−M2M) + Θ(t− tc)“Continuum”, (16)
where the decay constant fM (analogue of fpi) is defined as :
〈0|OD¯K |D¯K〉 = fD¯KM4D¯K , 〈0|OµD¯∗K |D¯∗K〉 = µfD∗KM5D¯∗K . (17)
Within a such parametrization, one obtains:
Rc0 ≡ R 'M2M , (18)
indicating that the ratio of moments appears to be a useful tool for extracting the mass of the hadron ground
state as shown in the original SVZ papers [1, 2], different books, reviews and papers [4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14].
As τ, tc and µ are free external parameters , we shall use stability criteria (minimum senstivity on
the variation of these parameters) to extract the lowest ground state mass and coupling (see more details
discussions in the previous books and reviews).
Within the approach, one has obtained the masses of the lowest ground state D¯0K0 molecule and of its
c¯u¯ds tetraquark states analogue quoted in Eq. 2.
5 The 0++S¯S and A¯A tetraquarks
The two channels present similar features. Then, we show only explicitly the analysis of the SS channel for
a better understanding on the extraction of our numbers.
• τ- and tc-stabilities
We show in Fig.2a) the τ - and tc- dependence of the mass obtained from ratio of moments R0. We have used
µ=2.25 GeV obtained in [31] which we shall check later on. The analysis of the coupling from the moment
Lc0 is shown in Fig. 2b). The results stabilize at τ ' 0.5 GeV−2(inflexion point for the mass and minimum
for the coupling). These results are compiled in Table 3 together with the different sources of errors.
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Figure 2: fSS and MSS as function of τ at NLO for different values of tc, for µ=2.25 GeV and for values of the QCD
parameters given in Table 1.
• µ-stability
We show in Fig. 3 the µ-dependence of the results for given tc=18 GeV
2 and τ=0.49 GeV−2. One finds
stability for :
µ = (2.25± 0.25) GeV, (19)
which confirms the result in Ref. [31].
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Figure 3: MSS and fSS as function of µ at NLO for fixed values of tc and τ and for the values of the QCD parameters given
in Table 1.
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Figure 4: MSS and fSS as function of τ at LO and NLO for fixed values of tc and µ and for the values of the QCD parameters
given in Table 1.
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• LO versus NLO results
We compare in Fig. 4 the τ -behaviour of the mass and coupling for fixed τ and µ at LO and NLO of
perturbative QCD in the MS-scheme. One can notice that the NLO corrections are relatively small. At
the stability point, the radiative corrections decreases the SS (rep. AA) mass by 46 (resp. 22) MeV and
increases the coupling by 7 (resp. 8) keV.
6 The 0++ P¯P and V V tetraquarks
The two channels present similar features. Then, it suffices to show explicitly the analysis for the PP
channel.
• τ- and tc-stabilities
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Figure 5: fPP and MPP as function of τ at NLO for different values of tc, for µ=2.25 GeV and for values of the QCD
parameters given in Table 1.
The analysis is shown in Fig. 5. Compared to the previous cases of SS and AA configurations, one can
notice that the stabilities are reached for smaller values of τ ' (0.15 ∼ 0.20) GeV−2 and for larger values
of tc ≥ 45 GeV2. This peculiar feature can be understood from the QCD expression of the corresponding
correlators, where the 〈ψ¯ψ〉 and 〈ψ¯ψ〉2 contribute largely and in a negative way which necessites to work at
higher energies for having a positive QCD expression of the spectral function and a convergence of the OPE.
As a consequence of the duality between the QCD and experimental sides, the resulting value of the lowest
resonance mass becomes relatively high (see Table 3). Notice that working only with the ratio of moments
R0 to extract the meson mass without inspecting the moment Lc0 leads to misleading results as one can
obtain a lower mass at larger values of τ but one does not find that this low mass comes from the ratio of
imaginary decay constants from Lc0.
• µ-stability
The µ-behaviour of the mass and coupling is shown in Fig. 6 where one can see inflexion points at µ '
(2.25 ∼ 2.35) GeV which are consistent with the one for the SS and AA discussed previously.
• LO versus NLO results
We compare in Fig. 7 the τ -behaviour of the mass and coupling for fixed tc and µ at LO and NLO of
perturbative QCD in the MS-scheme. One can notice that the αs corrections are large for PP which decrease
the mass by 495 MeV while increase the coupling by 137 keV. On the contrary, the NLO corrections for V V
are relatively small which decrease the mass by 20 MeV and increase the coupling by 52 MeV.
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7 The 0++ molecules
The behaviours of the different curves are similar to the previous cases.
• D∗K∗
The curves for the D∗K∗ molecule are similar to the cases of SS and AA tetraquarks. Here the NLO
corrections are −50 MeV for the mass and +16 keV for the coupling.
• D1K1, D∗0K∗0
The curves for the D1K1, D
∗
0K
∗
0 molecules are similar to the cases of the PP and V V tetraquarks. The
NLO corrections are −394 (resp. +36) MeV for the mass and +46 (resp. −106) keV for the coupling of the
D1K1 (resp. D
∗
0K
∗
0 ) molecules.
States Scalars (0+) Vectors (1−)
Parameters SS AA PP V V DK D∗K∗ D1K1 D∗0K
∗
0 PA AP SV V S D1K DK1 D
∗
0K
∗ D∗K∗0
tc [GeV
2] 14-18 14-18 50-65 40-55 12-18 14-18 40-55 50-65 40-55 12-18 12-18 40-55 12-18 40-55 14-18 40-55
τ [GeV]−2102 45-52 47-53 20,21 19,22 73-77 44-52 26,27 13,15 20, 23 34-49 32-48 17, 21 32-47 22,24 40-48 20, 22
Table 2: Values of the LSR parameters tc and the corresponding τ at the optimization region for the PT
series up to NLO and for the OPE truncated at 〈g3sG3〉.
We show in Table 2 the different values of the LSR parameters (tc, τ) used to deduce the optimal results
given in Table 3.
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Observables ∆tc ∆τ ∆µ ∆αs ∆ms ∆mc ∆ψ¯ψ ∆κ ∆αsG
2 ∆M20 ∆ψ¯ψ
2 ∆G3 ∆MG Values
0+ States
fG [keV]
Tetraquark
SS 15.00 0.40 7.70 3.95 0.65 5.05 0.85 2.99 0.28 0.80 38.60 0.09 0.68 336(43)
PP 11.27 0.37 2.57 0.79 1.01 7.65 3.55 13.93 0.30 0.59 29.73 0.06 73.66 563(82)
V V 41.57 13.45 5.59 1.61 0.04 10.14 4.35 13.90 0.28 1.04 22.24 0.13 92.29 728(106)
AA 88.70 0.83 11.07 6.12 1.49 7.37 0.90 5.65 0.12 1.03 63.10 0.12 1.71 490(66)
Molecule
DK 254(48) (Ref. [31])
D∗K∗ 12.43 0.57 16.84 4.48 1.16 6.33 1.09 26.64 0.06 2.95 46.12 0.03 1.78 394(58)
D1K1 11.08 4.44 1.56 1.07 9.30 0.45 5.64 24.52 0.20 2.87 30.61 0.01 116.39 656(124)
D∗0K
∗
0 11.88 3.93 2.52 0.48 1.27 6.63 3.60 8.31 0.59 0.62 9.75 0.07 20.54 249(28)
MG [MeV]
Tetraquark
SS 2.66 42.35 11.80 4.29 1.13 5.73 2.65 11.17 0.25 0.48 7.28 0.01 – 2733(47)
PP 61.29 53.40 35.37 7.79 2.40 14.60 15.89 65.16 1.45 4.43 181.95 0.33 – 5920(214)
V V 131.38 39.11 42.75 3.35 1.54 13.04 13.91 55.90 1.01 4.60 154.39 0.55 – 5674(219)
AA 2.39 41.86 12.11 3.22 2.78 5.87 2.35 14.45 0.21 0.46 12.69 0.04 – 2659(48)
Molecule
DK 2402(42) (Ref. [31])
D∗K∗ 4.06 49.50 18.39 19.67 2.43 19.76 21.31 2.08 0.11 1.41 11.89 0.03 – 2835(65)
D1K1 53.01 26.05 33.95 8.92 12.11 3.15 18.09 178.09 0.66 21.33 168.60 0.07 – 5281(257)
D∗0K
∗
0 126.02 56.53 41.01 10.42 8.41 15.88 42.45 141.15 5.69 4.26 147.88 0.91 – 6285(255)
1− States
fG [keV]
Tetraquark
AP 18.24 6.49 4.67 0.59 0.23 5.52 2.80 11.32 0.15 1.71 21.95 0.03 57.38 413(66)
PA 11.50 0.30 13.11 3.59 4.05 0.73 1.02 4.42 0.07 0.96 45.33 0.05 2.12 276(49)
SV 11.36 0.27 10.24 3.03 3.39 0.85 1.08 4.84 1.08 0.11 2.28 39.18 0.04 244(43)
V S 24.89 16.67 3.23 0.30 1.36 0.31 2.34 7.27 0.11 0.37 20.29 0.08 55.5 348(67)
Molecule
D1K 7.82 0.20 7.81 2.07 2.45 0.07 1.35 30.00 0.28 2.38 29.07 0.07 2.01 186(44)
DK1 9.37 3.52 1.17 0.02 0.49 4.16 3.00 14.52 0.13 0.80 24.40 0.09 64.47 350(71)
D∗0K
∗ 5.68 0.27 9.24 2.45 3.01 0.28 1.35 33.57 0.12 0.17 32.94 0.21 1.35 210(49)
D∗K∗0 5.77 4.51 3.38 0.90 15.78 2.47 3.28 8.30 0.32 2.11 31.24 0.10 35.73 245(50)
MG [MeV]
Tetraquark
AP 102.21 40.67 34.65 2.70 1.04 13.34 13.44 55.68 1.04 12.73 207.09 0.22 – 5504(245)
PA 0.49 38.20 19.05 4.42 6.43 1.14 4.60 9.22 0.14 0.50 5.44 0.04 – 2701(45)
SV 0.66 39.52 26.14 4.57 5.97 1.44 6.73 5.88 0.23 2.0 3.87 0.03 – 2616(49)
V S 140.83 46.77 23.23 4.52 11.55 11.08 12.15 48.19 0.71 2.99 207.36 0.57 – 5667(261)
Molecule
D1K 1.51 38.95 21.41 5.70 6.81 5.67 10.91 6.24 0.90 4.27 5.97 01 – 2701(48)
DK1 82.41 37.89 20.10 5.41 5.05 12.30 17.68 191.54 1.06 4.78 232..12 0.78 – 5397(316)
D∗0K
∗ 4.54 44.62 22.02 16.15 2.72 16.29 6.62 13.63 0.40 2.68 3.31 0.15 – 2771(57)
D∗K∗0 83.10 35.61 11.18 2.97 1.93 11.71 21.48 208.73 3.11 24.55 248.66 1.18 – 5376(339)
Table 3: Sources of errors and predictions from LSR at NLO and for the decay constants and masses of the
molecules and tetraquark states. The errors from the QCD input parameters are from Table 1. ∆µ are given
in Eq. 19. We take |∆τ | = 0.02 GeV−2.
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8 The 1− Vector states
• AP, V S tetraquarks and DK1, D∗K∗0 molecules
Their corresponding curves behave like the ones of the PP, V V (0++) tetraquarks and of the D1K1, D
∗
0K
∗
0
(0++) molecules. The AP (resp. V S) mass decreases by 164 (resp.117) MeV while the coupling increases by
29 (resp. 63) keV. For the DK1 (resp. D
∗K∗0 ) molecules, the mass decreases by 351 (resp. 48) MeV while
the coupling increases by 17 (resp. decreases by 50) keV.
• PA, SV tetraquarks and D1K, D∗0K∗ molecules
Their corresponding curves behave like the ones of SS, AA (0++) tetraquarks and of the DK, D∗K∗ (0++)
molecules. The PA (resp. SV ) mass changes by −3 (resp. +26) MeV while the coupling changes by (+2
(resp. −2) keV. For the D1K (resp. D∗0K∗) molecules, the mass increases by 56 (resp. 46) MeV while the
coupling decreases by 1 (resp. increases by 9) keV.
9 The first radial excitation (D¯K)1 of the 0
++(D¯−K+) molecule
For this purpose, we extend the analysis in Ref. [31] by using a a “Two resonances” + θ(t − tc)“QCD
continuum” parametrization of the spectral function. To enhance the contribtuion of the 1st radial excitation
[hereafter called (DK)1], we shall also work with the ratio of moments R1 in addition to R0 for getting the
mass of (DK)1.
• τ- and tc-stabilities
We show in Fig. 8 the τ - and tc-behaviours of the coupling from Lc0 and in Fig 9 the ones of the mass from
R0 and R1 using as input the values of the lowest ground state mass and coupling obtained in Eq. 2. – One
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Figure 8: f(DK)1 from the first moment Lc0 as function of τ at NLO for different values of tc, for µ=2.25 GeV and for values
of the QCD parameters given in Table 1.
can notice that the coupling from Lc0 stabilizes for τ ' (0.55 ∼ 0.65) GeV−2 which is slightly lower than
the value τ = 0.7 GeV−2 corresponding to the one-resonance parametrization. The corresponding values of
tc are 18 to 24 GeV
2 compared to 12 to 18 GeV2 for the one resonance case. The result is given in Table 3
where one can notice that the largest error comes from the coupling of lowest ground state.
– The analysis of the mass from ratio of moments R0 and R1 is shown in Figs. 9 a) and b). One can
notice that the prediction from R1 is more precise due to its more sensitivity on the contribution of (DK)1
in the high-energy region (τ ' 0.5 GeV−2 and tc ' (18− 24) GeV2) from which we extract the final result
compiled in Table 5.
– One can notice that the mass of the radial excitation is in the range of tc ' (12 ∼ 18) GeV2 where the
mass of the lowest ground has been obtained indicating that the value of the QCD continuum threshold tc
in the “One resonance” parametrization gives an approximate value of the 1st radial excitation.
– The set of (τ, tc)-values where the optimal results have been obtained are compiled in Table 4.
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Figure 9: M(DK)1 as function of τ at NLO for different values of tc, for µ=2.25 GeV and for values of the QCD parameters
given in Table 1 : a) from the lowest ratio of moments R0; b) from the 2nd ratio of moments R1.
States Scalars (0+) Vectors (1−)
Parameters (SS)1 (AA)1 (DK)1 (D
∗K∗)1 (AP )1 (SV )1 (D1K)1 (D∗0K
∗)1
tc [GeV
2] 28-36 28-36 18-24 32-40 20-32 28-36 28-36 28-36
τ [GeV]−2102
f(G)1 44, 46 48, 50 55-65 35-45 52-56 30, 38 28, 36 36, 42
M(G)1 36, 40 36, 40 50 40 45-48 38, 42 34, 38 34, 38
Table 4: Values of the LSR parameters (tc, τ) at the otpimization region where the masses and couplings of
the 1st radial excitations are obtained for the PT series up to NLO and for the OPE truncated at 〈g3sG3〉.
• µ-stability
We study in Fig. 10 the µ-stability fixing tc = 24 GeV
2 and for τ ≈ (0.34 ∼ 0.4) GeV−2 depending on the
value of µ where the τ -stability is reached.
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Figure 10: M(DK)1 and f(DK)1 as function of µ at NLO for fixed values of tc and τ and for the values of the QCD parameters
given in Table 1.
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10 The first radial excitation (D¯∗K∗)1 of the 0++(D¯∗K∗) molecule
• τ- and tc-stabilities
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Figure 11: f(D∗K∗)1 from the first moment Lc0 as function of τ at NLO for different values of tc, for µ=2.25 GeV and for
values of the QCD parameters given in Table 1.
We show in Fig. 11a) the τ - and tc-behaviours of the coupling from Lc0 and in Fig 11b) the ones of the mass
from R1 using as input the values of the lowest ground state mass and coupling obtained in Table 3. The
optimal results are obtained for the (tc, τ) values given in Table 4.
• µ-stability
The µ-behaviours of the coupling and mass are shown in Fig. 12.
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Figure 12: µ-behaviour of the (D∗K∗)1 mass and coupling.
We shall extract the mass and coupling of the 1st radial excitation (D¯∗K∗)1. We shall show the analysis
explictily as it may (a priori) differ from the one of (DK)1 (position of the optimal τ and value of tc) as the
mass of the D¯∗K∗ molecule is higher than that of D¯K.
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11 The first radial excitation (P¯A)1 of the 1
−(P¯A) tetraquark
• τ- and tc-stabilities
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Figure 13: a) f(PA)1 from the first moment Lc0 and b) M(PA)1 from the 2nd ratio of moments Rc1 as function of τ at NLO
for different values of tc, for µ=2.25 GeV and for values of the QCD parameters given in Table 1.
We show in Fig. 13 the τ - and tc-behaviour of the coupling from Lc0 and in Fig 14 the one of the mass from R1
using as input the values of the lowest ground state mass and coupling obtained in Table 3. The behaviour
of the curves for the coupling differs slightly from the previous cases.
• µ-stability
The µ-behaviour of the mass and coupling is shown in Fig. 14.
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Figure 14: µ-behaviour of the (PA)1 mass and coupling.
12 The (AA)1, D
∗
0K
∗, SS and SV radial excitations
These radial excitations correspond to the Low Mass ground states. The analysis of their τ, tc and µ-
behaviours shows that they behave like the (D∗K∗)1 and (DK)1 studied explicitly in previous sections. We
just quote the results of the analysis in Table 5.
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Observables ∆tc ∆τ ∆µ ∆αs ∆mc ∆ms ∆ψ¯ψ ∆κ ∆αsG
2 ∆M20 ∆ψ¯ψ
2 ∆G3 ∆MG ∆fG ∆M(G)1 Values
0+ States
f(G)1 [keV]
Molecule
(DK)1 12 1 2 16 16 10 7 9 11 20 20 12 16 30 26 204(62)
(D∗K∗)1 10 1 10 17 33 18 4 13 1 7 12 0 18 46 111 572(131)
Tetraquark
(SS)1 3 2 22 35 50 3 6 23 1 6 66 0 19 59 96 333(149)
(AA)1 4 5 44 42 49 9 10 40 1 11 71 1 35 116 83 466(186)
M(G)1 [MeV]
Molecule
(DK)1 109 1 51 32 36 6 12 97 6 10 144 3 59 299 – 3686(355)
(D∗K∗)1 139 9 35 23 34 0 11 53 0 17 153 0 63 261 – 4539(348)
Tetraquark
(SS)1 57 9 40 28 34 3 9 40 2 7 240 0 69 247 – 4546(363)
(AA)1 58 4 37 32 35 4 8 35 1 7 250 1 80 254 – 4542(376)
1− States
f(G)1 [keV]
Molecule
(D1K)1 4 1 8 6 8 2 7 31 1 6 30 0 9 29 37 149(67)
(D∗0K
∗)1 4 1 17 13 18 1 9 57 1 0 23 1 14 43 52 217(97)
Tetraquark
(PA)1 7 1 8 6 8 1 3 3 0 2 24 0 10 28 37 251(55)
(SV )1 8 1 9 8 11 2 5 18 0 6 43 0 11 37 76 234(99)
M(G)1 [MeV]
Molecule
(D1K)1 65 9 53 33 38 3 46 85 8 65 375 2 115 436 – 4602(606)
(D∗0K
∗)1 73 9 40 27 34 1 28 175 2 1 271 3 89 339 – 4671(486)
Tetraquark
(PA)1 177 8 79 56 60 12 24 26 2 21 277 1 116 405 – 4241(548)
(SV )1 59 7 63 43 45 12 28 118 2 49 375 1 110 373 – 4593(566)
Table 5: Predictions from LSR at NLO and sources of errors for the decay constants and masses of the 1st
radial excitations of the Low Mass molecules and tetraquarks states. The indices G and (G)1 refer to the
lowest ground state and to the 1st radial excitation. The errors from the QCD input parameters are from
Table 1. ∆µ = 0.10 GeV and |∆τ | = 0.02 GeV−2.
13 Comments on the results
The results of the analysis are compiled in Table 3 and 5.
– One can notice that the NLO corrections are relatively small (≤ 10%) which indicate a good convergence
of the PT series. The estimate of uncalculated HO corrections using a geometric growth of the series also
shows that these corrections are small.
– One can notice that the contribution of the chiral condensates 〈ψ¯ψ〉, 〈ψ¯Gψ〉, 〈ψ¯ψ〉2 are important in
this open-charm channel. Their flip of signs in the chiral multiplets explains the large spilttings of masses
and couplings given in Table 3.
• Comparison of the molecules and tetraquarks states
– Our results indicate that the molecules and tetraquark states leading to the same final states are almost
degenerated in masses which one can understand from the calculation of the corresponding correlators which
differ by some small 1/Nc corrections due to Fierz transformations. These observations have been also done
in our previous works [31, 32, 33, 34].
– Then, we expect that the “physical state” is a combination of almost degenerated molecules and
tetraquark states with the same quantum numbers JPC which we shall call : Tetramole (TM).
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• Mass hierarchies
From our results, one can notice three classes of spectra :
– The Low Mass ground states
These states are around 2.4 to 2.8 GeV. They are the 0++ DK and D∗K∗ molecules and the SS and PP
tetraquarks. For the 1− states, we have the D1K and D∗0K
∗ molecules and PA and SV tetraquark states.
– The High Mass ground states
These states are in the region above 4.5 GeV. For the 0++ states, they are the D1K1, D
∗
0K
∗
0 molecules
and PP and V V tetraquark states, while for the 1− states, they are the DK1, D∗0K∗, D∗K∗0 molecules
and the AP, SV, V S tetraquarks. We have noticed that the shift of the results to higher masses is due to
the positivity of the spectral function which is violated by working at lower energy scale due to the large
negative contributions of chiral 〈ψ¯ψ〉 and 〈ψ¯ψ〉2 in the OPE.
– The First Radial excitations
The masses of the 1st radial excitations are compiled in Table 5, where the large errors in their determinations
have been induced by the ones of the ground state coupling.
14 Comparison with existing results
a) b) c)
Figure 15: a) d = 4 〈αsG2〉 gluon condensate; b) d = 5 〈ψ¯Gψ〉 mixed quark-gluon condensates; c) d = 6 〈g3G3〉 triple gluon
condensates.
• QCD expressions of the spectral functions
Among the three papers mentioned above, only the one in [47] gives an explict QCD expression of the
0++ SS and AA configurations of the tetraquarks. Comparing the results step by step, we realize that
the contributions from the gluon in external fields are systematically missing (see Fig. 15). Hopefully, the
contributions of these diagrams as well as of the total 〈αsG2〉 and 〈G3〉 condensates are small which do not
affect the numerical results within the precision of the approach.
• Results of the analysis
Though some of our lowest order (LO) PT results agree within the errors with the recent estimates from
QSSR [47, 48, 49], we emphasize that the inclusion of the NLO PT corrections are mandatory for making a
sense on the use of the value of the charm quark MS mass value in these analyses.
15 Confrontation with the LHCb data
– From our previous results given in Table 3, one can notice that High mass states corresponding to the
(0+) D1K1, D
∗
0K
∗
0 molecules and PP and V V tetraquark states and to the (1
−) DK1, D∗0K∗, D∗K∗0
molecules and the AP, SV, V S tetraquarks states are above 5.5 GeV which are too far to contribute to the
LHCb DK invariant mass shown in Fig. 1.
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• The 2400 MeV bump around the DK threshold
This bump coincides with the D+K− mass 2400 MeV of the chiral partner of the D0K0 obtained in [31].
Then, in addition to the DK scattering process which can occur around the DK threshold, we also expect
that the DK molecule may participate to this bump.
• The X0(2866) state and the bump XJ(3150)
Taking literally our results in Table 3, one can see that we have three (almost) degenerate states:
MSS = 2733(47) MeV, MAA = 2659(48) MeV, and MD∗K∗ = 2835(65) MeV , (20)
and their couplings to the corresponding operators / currents are almost the same. We assume that the
physical state, hereafter called Tetramole (TMJ), is a superposition of these nearly degenerated hypothetical
states having the same quantum numbers. Taking its mass as a (quadratic) mean of the previous numbers,
we obtain :
MTM0 '= 2726(30) MeV. (21)
The (TM0) tetramole is a good candidate for explaining the X0(2866) though its mass is slightly lighter.
One can also see from Table 5 that the radial excitation (DK)1 mass is :
M(DK)1 ' 3686(355) MeV , (22)
which is the lightest 0++ first radial excitation. Assuming that the XJ(3150) bump is a scalar state (J=0),
we attempt to use a two-component mixing between the Tetramole and the (DK)1 radially excited molecule
:
|X0(2866)〉 = cos θ0|TM0〉+ sin θ0|(DK)1〉
|X0(3150)〉 = − sin θ0|TM0〉+ cos θ0|(DK)1〉 . (23)
We reproduce the data with a tiny mixing angle :
θ0 ' (5.3± 2.1)0 . (24)
• The X1(2904) state and the XJ(3350) bump
– From our result in Table 3, one can see that there are four degenerate states :
MPA = 2701(45) MeV, MSV = 2616(49) MeV
MD1K = 2701(48) MeV, MD∗0K∗ = 2771(57) MeV . (25)
Like previously, we assume that the (unmixed) physical state is a combination of these hypothetical states.
We take the mass of this Tetramole as the (geometric) mean:
MTM1 = 2693(25) MeV, (26)
where one may notice that it can participate to the nature of the X1(2904) state but its mass is also slightly
lower.
– One can also notice from Table 5 that the radial excitations are almost degenerated around 4.5 GeV
from which one can extract the the masses (geometric mean of the different masses) of the spin 0 and 1
Tetramoles:
M(TM0)1 ' 4542(209) MeV, M(TM1)1 ' 4532(273) MeV . (27)
Then, we may consider a two-component mixing of the spin 1 Tetramole TM1 with its 1st radial excitation
(TM1)1 to explain the X1(2904) state and the XJ(3350) bump assuming that the latter is a spin 1 state.
The data can be fitted with a tiny mixing angle :
θ1 ' (8.8± 0.6)0 . (28)
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Summary and conclusions
• Motivated by the recent LHCb data on the D−K+ invariant mass from B → D+D−K+ decay (see
Fig 1), we have systematically calculated the masses and couplings of some possible configurations of the
molecules and tetraquarks states using QCD Laplace sum rules (LSR) within stability criteria where we have
added to the LO perturbative term, the NLO radiative corrections which are essential for giving a meaning
on the input value of the charm quark which plays an important role in the analysis. We consider our results
as improvement and a completion of the results obtained to LO from QCD spectral sum rules [47, 48, 49].
• We have added to the PT contributions the ones of quark and gluon condensates up to dimension-6 in
the OPE. We have noted that in some channels, these condensates contributions are large and negative which
pushes to work at higher values of energy s for respecting the positivity of the QCD spectral functions. By
duality, the resulting values of the corresponding resonances masses are high (see Table 3) which are outside
the region reached by LHCb.
• Therefore, we have used the results of the Low Mass resonances for an attempt the whole range of DK
invariant mass found by LHCb:
– The bumb around the DK threhold can be due to DK scattering amplitude ⊕ the DK(2400) lowest
mass molecule.
– The (0++) X0(2866) and XJ(3150) (if it is a 0
++ state) can e.g result from a mixing of the Tetramole
(TM0) with the 1st radial excitation (DK)1 of the molecule state (DK) with a tiny mixing angle θ0 ≈ 50.
– The (1−) X1(2904) and XJ(3350) (if it is a 1− state) can result from a mixing of the Tetramole (TM1)
with its 1st radial excitation (TM)1 with a tiny mixing angle θ1 ≈ 90.
In addition to the QSSR approaches [47, 48, 49], some alternative explanations using other models are
given in the literature [82, 83, 84, 85, 86, 87, 88]. However, to our knowledge, the discussions are limited to
the interpretation of the two resonances X0(2866) and X1(2904). We expect that more data on the precise
quantum numbers of the XJ(3150) and XJ(3350) states are helpful for testing our model proposal.
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Hereafter, we define :
〈G2〉 ≡ 〈g2G2〉, , 〈G3〉 ≡ 〈g3G3〉 (29)
A Scalar Tetraquarks (0+)
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• Pseudoscalar-Pseudoscalar configuration(PP)
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• Vector-Vector configuration (VV)
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x−2 log(x)− 1
x
]
− msm
2
c〈s¯Gs〉
3 · 27pi4
[
x−2+ 1
x
]
ρ
〈q¯q〉2
0 (s) = −
m2c〈q¯q〉2
3 · 22pi2
[
x−2+ 1
x
]
+
msmc〈q¯q〉2
3pi2
(1−x)
ρ
〈G3〉
0 (s) =
m2c〈G3〉
5 · 33 · 210pi6
[
31x−3−60 log(x)− 27
x
− 1
x2
]
• Axial-Axial configuration(AA)
ρpert0 (s) =
m8c
5 · 3 · 210pi6
[
4x+155−60
(
1+
4
x
+
2
x2
)
log(x)+
80
x
− 220
x2
− 20
x3
+
1
x4
]
− msm
7
c
3 · 29pi6
[
x+28−12
(
1+
3
x
+
1
x2
)
log(x)− 28
x2
− 1
x3
]
ρ
〈q¯q〉
0 (s) =
m5c〈s¯s〉
3 · 25pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
+
msm
4
c〈s¯s〉
3 · 25pi4
[
2x+3−6 log(x)− 6
x
+
1
x2
]
ρ
〈G2〉
0 (s) =
m4c〈G2〉
32 · 211pi6
[
7x+18−6
(
4+
1
x
)
log(x)− 27
x
+
2
x2
]
+
msm
3
c〈G2〉
32 · 211pi6
[
17x−24−6
(
4− 3
x
)
log(x)+
3
x
+
4
x2
]
ρ
〈q¯Gq〉
0 (s) = −
m3c〈s¯Gs〉
27pi4
[
x−2 log(x)− 1
x
]
− msm
2
c〈s¯Gs〉
3 · 27pi4
[
x−2+ 1
x
]
ρ
〈q¯q〉2
0 (s) =
m2c〈q¯q〉2
3 · 22pi2
[
x−2+ 1
x
]
+
msmc〈q¯q〉2
3pi2
(1−x)
ρ
〈G3〉
0 (s) =
m2c〈G3〉
5 · 33 · 210pi6
[
31x−3−60 log(x)− 27
x
− 1
x2
]
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• D∗0K∗0 molecule configuration:
ρpert0 (s) =
m8c
5 · 214pi6
[
4x+155−60
(
1+
4
x
+
2
x2
)
log(x)+
80
x
− 220
x2
− 20
x3
+
1
x4
]
ρ
〈q¯q〉
0 (s) = −
m5c〈q¯q〉
28pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
+
msm
4
c
29pi4
(
2〈q¯q〉+〈s¯s〉
)[
2x+3−6 log(x)− 6
x
+
1
x2
]
ρ
〈G2〉
0 (s) =
m4c〈G2〉
3 · 213pi6
[
4x−9−6
(
1− 2
x
)
log(x)+
5
x2
]
ρ
〈q¯Gq〉
0 (s) =
3m3c〈q¯Gq〉
28pi4
[
x+2−
(
3 +
1
x
)
log(x)− 3
x
]
− msm
2
c
29pi4
(
3〈q¯Gq〉−2〈s¯Gs〉
)[
x−2+ 1
x
]
ρ
〈q¯q〉2
0 (s) = −
m2c〈q¯q〉〈s¯s〉
25pi2
[
x−2+ 1
x
]
+
msmc
25pi2
(
2〈q¯q〉2+〈q¯q〉〈s¯s〉
)
(1−x)
ρ
〈G3〉
0 (s) =
m2c〈G3〉
5 · 32 · 214pi6
[
166x−3−330 log(x)− 162
x
− 1
x2
]
• DK molecule configuration (see Re. [31])
ρpert0 (s) =
m8c
5 · 214pi6
[
4x+155−60
(
1+
4
x
+
2
x2
)
log(x)+
80
x
− 220
x2
− 20
x3
+
1
x4
]
ρ
〈q¯q〉
0 (s) =
m5c〈q¯q〉
28pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
− msm
4
c
29pi4
(
2〈q¯q〉−〈s¯s〉
)[
2x+3−6 log(x)− 6
x
+
1
x2
]
ρ
〈G2〉
0 (s) =
m4c〈G2〉
3 · 213pi6
[
4x−9−6
(
1− 2
x
)
log(x)+
5
x2
]
ρ
〈q¯Gq〉
0 (s) = −
3m3c〈q¯Gq〉
28pi4
[
x+2−
(
3 +
1
x
)
log(x)− 3
x
]
+
msm
2
c
29pi4
(
3〈q¯Gq〉+2〈s¯Gs〉
)[
x−2+ 1
x
]
ρ
〈q¯q〉2
0 (s) =
m2c〈q¯q〉〈s¯s〉
25pi2
[
x−2+ 1
x
]
+
msmc
25pi2
(
2〈q¯q〉2−〈q¯q〉〈s¯s〉
)
(1−x)
ρ
〈G3〉
0 (s) =
m2c〈G3〉
5 · 32 · 214pi6
[
166x−3−330 log(x)− 162
x
− 1
x2
]
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• D∗K∗ molecule configuration:
ρpert0 (s) =
m8c
5 · 212pi6
[
4x+155−60
(
1+
4
x
+
2
x2
)
log(x)+
80
x
− 220
x2
− 20
x3
+
1
x4
]
ρ
〈q¯q〉
0 (s) =
m5c〈q¯q〉
27pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
− msm
4
c
27pi4
(
〈q¯q〉−〈s¯s〉
)[
2x+3−6 log(x)− 6
x
+
1
x2
]
ρ
〈G2〉
0 (s) =
m4c〈G2〉
3 · 211pi6
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
ρ
〈q¯Gq〉
0 (s) = −
3m3c〈q¯Gq〉
28pi4
[
x−2 log(x)− 1
x
]
+
msm
2
c
28pi4
(
3〈q¯Gq〉−2〈s¯Gs〉
)[
x−2+ 1
x
]
ρ
〈q¯q〉2
0 (s) =
m2c〈q¯q〉〈s¯s〉
24pi2
[
x−2+ 1
x
]
+
msmc
24pi2
(
4〈q¯q〉2−〈q¯q〉〈s¯s〉
)
(1−x)
ρ
〈G3〉
0 (s) = −
m2c〈G3〉
5 · 32 · 212pi6
[
14x+3−30 log(x)− 18
x
+
1
x2
]
• D1K1 molecule configuration:
ρpert0 (s) =
m8c
5 · 212pi6
[
4x+155−60
(
1+
4
x
+
2
x2
)
log(x)+
80
x
− 220
x2
− 20
x3
+
1
x4
]
ρ
〈q¯q〉
0 (s) = −
m5c〈q¯q〉
27pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
+
msm
4
c
27pi4
(
〈q¯q〉+〈s¯s〉
)[
2x+3−6 log(x)− 6
x
+
1
x2
]
ρ
〈G2〉
0 (s) =
m4c〈G2〉
3 · 211pi6
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
ρ
〈q¯Gq〉
0 (s) =
3m3c〈q¯Gq〉
28pi4
[
x−2 log(x)− 1
x
]
− msm
2
c
28pi4
(
3〈q¯Gq〉+2〈s¯Gs〉
)[
x−2+ 1
x
]
ρ
〈q¯q〉2
0 (s) = −
m2c〈q¯q〉〈s¯s〉
24pi2
[
x−2+ 1
x
]
+
msmc
24pi2
(
4〈q¯q〉2+〈q¯q〉〈s¯s〉
)
(1−x)
ρ
〈G3〉
0 (s) = −
m2c〈G3〉
5 · 32 · 212pi6
[
14x+3−30 log(x)− 18
x
+
1
x2
]
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B Vector Tetraquark and Molecule States (1−)
• Axial-Pseudoscalar tetraquark configuration (AP)
ρpert1 (s) =
m8c
5 · 32 · 213pi6
[
x2+555−60
(
3+
16
x
+
9
x2
)
log(x)+
480
x
− 945
x2
− 96
x3
+
5
x4
]
− msm
7
c
3 · 210pi6
[
x+28−12
(
1+
3
x
+
1
x2
)
log(x)− 28
x2
− 1
x3
]
ρ
〈q¯q〉
1 (s) =
m5c〈s¯s〉
3 · 26pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
+
msm
4
c〈s¯s〉
3 · 29pi4
[
x2+12−12 log(x)− 16
x
+
3
x2
]
ρ
〈G2〉
1 (s) =
m4c〈G2〉
33 · 213pi6
[
5x2+12x+198−48
(
3+
2
x
)
log(x)− 212
x
− 3
x2
]
−msm
3
c〈G2〉
32 · 210pi6
[
7x+15−3
(
7+
3
x
)
log(x)− 21
x
− 1
x2
]
ρ
〈q¯Gq〉
1 (s) = −
m3c〈s¯Gs〉
27pi4
[
x−2 log(x)− 1
x
]
− msm
2
c〈s¯Gs〉
32 · 29pi4
[
5x2−12x−9+18 log(x)+ 16
x
]
ρ
〈q¯q〉2
1 (s) = −
m2c〈q¯q〉2
32 · 23pi2
[
x2−3+ 2
x
]
− msmc〈q¯q〉
2
3 · 22pi2 (1−x)
ρ
〈G3〉
1 (s) =
m2c〈G3〉
5 · 33 · 214pi6
[
11x2−240x+24+420 log(x)+ 208
x
− 3
x2
]
• Pseudoscalar-Axial tetraquark configuration(PA)
ρpert1 (s) =
m8c
5 · 32 · 213pi6
[
x2+555−60
(
3+
16
x
+
9
x2
)
log(x)+
480
x
− 945
x2
− 96
x3
+
5
x4
]
− msm
7
c
3 · 210pi6
[
x+28−12
(
1+
3
x
+
1
x2
)
log(x)− 28
x2
− 1
x3
]
ρ
〈q¯q〉
1 (s) =
m5c〈s¯s〉
3 · 26pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
+
msm
4
c〈s¯s〉
3 · 29pi4
[
x2+12−12 log(x)− 16
x
+
3
x2
]
ρ
〈G2〉
1 (s) =
m4c〈G2〉
33 · 213pi6
[
5x2+12x+198−48
(
3+
2
x
)
log(x)− 212
x
− 3
x2
]
−
msm
3
c〈G2〉
32 · 210pi6
[
7x+15−3
(
7+
3
x
)
log(x)− 21
x
− 1
x2
]
ρ
〈q¯Gq〉
1 (s) = −
m3c〈s¯Gs〉
27pi4
[
x−2 log(x)− 1
x
]
− msm
2
c〈s¯Gs〉
32 · 29pi4
[
5x2−12x−9+18 log(x)+ 16
x
]
ρ
〈q¯q〉2
1 (s) = −
m2c〈q¯q〉2
32 · 23pi2
[
x2−3+ 2
x
]
− msmc〈q¯q〉
2
3 · 22pi2 (1−x)
ρ
〈G3〉
1 (s) =
m2c〈G3〉
5 · 33 · 214pi6
[
11x2−240x+24+420 log(x)+ 208
x
− 3
x2
]
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• Scalar-Vector tetraquark configuration (SV)
ρpert1 (s) =
m8c
5 · 32 · 213pi6
[
x2+555−60
(
3+
16
x
+
9
x2
)
log(x)+
480
x
− 945
x2
− 96
x3
+
5
x4
]
+
msm
7
c
3 · 210pi6
[
x+28−12
(
1+
3
x
+
1
x2
)
log(x)− 28
x2
− 1
x3
]
ρ
〈q¯q〉
1 (s) = −
m5c〈s¯s〉
3 · 26pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
+
msm
4
c〈s¯s〉
3 · 29pi4
[
x2+12−12 log(x)− 16
x
+
3
x2
]
ρ
〈G2〉
1 (s) =
m4c〈G2〉
33 · 213pi6
[
5x2+12x+198−48
(
3+
2
x
)
log(x)− 212
x
− 3
x2
]
+
msm
3
c〈G2〉
32 · 210pi6
[
7x+15−3
(
7+
3
x
)
log(x)− 21
x
− 1
x2
]
ρ
〈q¯Gq〉
1 (s) =
m3c〈s¯Gs〉
27pi4
[
x−2 log(x)− 1
x
]
− msm
2
c〈s¯Gs〉
32 · 29pi4
[
5x2−12x−9+18 log(x)+ 16
x
]
ρ
〈q¯q〉2
1 (s) =
m2c〈q¯q〉2
32 · 23pi2
[
x2−3+ 2
x
]
− msmc〈q¯q〉
2
3 · 22pi2 (1−x)
ρ
〈G3〉
1 (s) =
m2c〈G3〉
5 · 33 · 214pi6
[
11x2−240x+24+420 log(x)+ 208
x
− 3
x2
]
• Scalar-Vector tetraquark configuration (VS)
ρpert1 (s) =
m8c
5 · 32 · 213pi6
[
x2+555−60
(
3+
16
x
+
9
x2
)
log(x)+
480
x
− 945
x2
− 96
x3
+
5
x4
]
− msm
7
c
5 · 3 · 212pi6
[
x2+340−60
(
2+
8
x
+
3
x2
)
log(x)+
80
x
− 405
x2
− 16
x3
]
ρ
〈q¯q〉
1 (s) =
m5c〈s¯s〉
32 · 28pi4
[
x2+72−12
(
3+
4
x
)
log(x)− 64
x
− 9
x2
]
+
msm
4
c〈s¯s〉
3 · 29pi4
[
x2+12−12 log(x)− 16
x
+
3
x2
]
ρ
〈G2〉
1 (s) =
m4c〈G2〉
33 · 213pi6
[
x2−24x−54+24
(
3+
1
x
)
log(x)+
80
x
− 3
x2
]
+
msm
3
c〈G2〉
32 · 210pi6
[
7x+15−3
(
7+
3
x
)
log(x)− 21
x
− 1
x2
]
ρ
〈q¯Gq〉
1 (s) = −
m3c〈s¯Gs〉
32 · 29pi4
[
7x2−23−18 log(x)− 4
x
]
− msm
2
c〈s¯Gs〉
32 · 29pi4
[
7x2−3−18 log(x)− 4
x
]
ρ
〈q¯q〉2
1 (s) = −
m2c〈q¯q〉2
3 · 23pi2
[
x−2+ 1
x
]
− msmc〈q¯q〉
2
3 · 22pi2 (1−x)
ρ
〈G3〉
1 (s) =
m2c〈G3〉
52 · 33 · 214pi6
[
8x3+235x2+760−1500 log(x)− 1000
x
− 3
x2
− 4m
2
cτ
x3
(1− x)5
]
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• D1K vector molecule configuration
ρpert1 (s) =
m8c
5 · 3 · 215pi6
[
x2+555−60
(
3+
16
x
+
9
x2
)
log(x)+
480
x
− 945
x2
− 96
x3
+
5
x4
]
ρ
〈q¯q〉
1 (s) = −
m5c〈q¯q〉
28pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
− msm
4
c〈q¯q〉
211pi4
(2〈q¯q〉−〈s¯s〉)
[
x2+12−12 log(x)− 16
x
+
3
x2
]
ρ
〈G2〉
1 (s) =
m4c〈G2〉
3 · 215pi6
[
3x2+8x+108−12
(
7+
4
x
)
log(x)− 120
x
+
1
x2
]
ρ
〈q¯Gq〉
1 (s) =
3m3c〈q¯Gq〉
29pi4
[
x−2 log(x)− 1
x
]
+
msm
2
c
3 · 29pi4
(
3〈q¯Gq〉+ 2〈s¯Gs〉
)[
x2−3+ 2
x
]
ρ
〈q¯q〉2
1 (s) =
m2c〈q¯q〉〈s¯s〉
3 · 25pi2
[
x2−3+ 2
x
]
− msmc
25pi2
(
2〈q¯q〉2 − 〈q¯q〉〈s¯s〉
)
(1− x)
ρ
〈G3〉
1 (s) =
m2c〈G3〉
5 · 32 · 216pi6
[
31x2−480x+84+780 log(x)+ 368
x
− 3
x2
]
• DK1 vector molecule configuration
ρpert1 (s) =
m8c
5 · 3 · 215pi6
[
x2+555−60
(
3+
16
x
+
9
x2
)
log(x)+
480
x
− 945
x2
− 96
x3
+
5
x4
]
ρ
〈q¯q〉
1 (s) =
m5c〈q¯q〉
3 · 210pi4
[
x2+72−12
(
3+
4
x
)
log(x)− 64
x
− 9
x2
]
+
msm
4
c〈q¯q〉
28pi4
[
2x+3−6 log(x)− 6
x
+
1
x2
]
+
msm
4
c〈s¯s〉
211pi4
[
x2+12−12 log(x)− 16
x
+
3
x2
]
ρ
〈G2〉
1 (s) =
m4c〈G2〉
32 · 215pi6
[
x2−48x−180+12
(
15+
8
x
)
log(x)+
224
x
+
3
x2
]
ρ
〈q¯Gq〉
1 (s) = −
m3c〈q¯Gq〉
3 · 210pi4
[
5x2+63−6
(
9+
4
x
)
log(x)− 68
x
]
− msm
2
c
29pi4
(3〈q¯Gq〉+ 2〈s¯Gs〉)
[
x−2+ 1
x
]
ρ
〈q¯q〉2
1 (s) = −
m2c〈q¯q〉〈s¯s〉
25pi2
[
x−2+ 1
x
]
− msmc〈q¯q〉
2
24pi2
(1− x)− msmc〈q¯q〉〈s¯s〉
26pi2
(1−x2)
ρ
〈G3〉
1 (s) =
m2c〈G3〉
52 · 32 · 216pi6
[
8x3+535x2+1660−3300 log(x)− 2200
x
− 3
x2
+4m2cτ
(
x2−5x+10− 10
x
+
5
x2
− 1
x3
)]
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• D∗0K∗ vector molecule configuration
ρpert1 (s) =
m8c
5 · 3 · 215pi6
[
x2+555−60
(
3+
16
x
+
9
x2
)
log(x)+
480
x
− 945
x2
− 96
x3
+
5
x4
]
ρ
〈q¯q〉
1 (s) = −
m5c〈q¯q〉
3 · 210pi4
[
x2+72−12
(
3+
4
x
)
log(x)− 64
x
− 9
x2
]
−msm
4
c〈q¯q〉
28pi4
[
2x+3−6 log(x)− 6
x
+
1
x2
]
+
msm
4
c〈s¯s〉
211pi4
[
x2+12−12 log(x)− 16
x
+
3
x2
]
ρ
〈G2〉
1 (s) =
m4c〈G2〉
32 · 215pi6
[
x2−48x−180+12
(
15+
8
x
)
log(x)+
224
x
+
3
x2
]
ρ
〈q¯Gq〉
1 (s) =
m3c〈q¯Gq〉
3 · 210pi4
[
5x2+63−6
(
9+
4
x
)
log(x)− 68
x
]
+
msm
2
c
29pi4
(3〈q¯Gq〉 − 2〈s¯Gs〉)
[
x−2+ 1
x
]
ρ
〈q¯q〉2
1 (s) =
m2c〈q¯q〉〈s¯s〉
25pi2
[
x−2+ 1
x
]
− msmc〈q¯q〉
2
24pi2
(1− x) + msmc〈q¯q〉〈s¯s〉
26pi2
(1−x2)
ρ
〈G3〉
1 (s) =
m2c〈G3〉
52 · 32 · 216pi6
[
8x3+535x2+1660−3300 log(x)− 2200
x
− 3
x2
+4m2cτ
(
x2−5x+10− 10
x
+
5
x2
− 1
x3
)]
• D∗K∗0 vector molecule configuration
ρpert1 (s) =
m8c
5 · 3 · 215pi6
[
x2+555−60
(
3+
16
x
+
9
x2
)
log(x)+
480
x
− 945
x2
− 96
x3
+
5
x4
]
ρ
〈q¯q〉
1 (s) =
m5c〈q¯q〉
28pi4
[
x+9−6
(
1+
1
x
)
log(x)− 9
x
− 1
x2
]
+
msm
4
c
211pi4
(2〈q¯q〉+〈s¯s〉)
[
x2+12−12 log(x)− 16
x
+
3
x2
]
ρ
〈G2〉
1 (s) =
m4c〈G2〉
3 · 215pi6
[
3x2+8x+108−12
(
7+
4
x
)
log(x)− 120
x
+
1
x2
]
ρ
〈q¯Gq〉
1 (s) = −
3m3c〈q¯Gq〉
29pi4
[
x−2 log(x)− 1
x
]
− msm
2
c
3 · 29pi4 (3〈q¯Gq〉 − 2〈s¯Gs〉)
[
x2−3+ 2
x
]
ρ
〈q¯q〉2
1 (s) = −
m2c〈q¯q〉〈s¯s〉
3 · 25pi2
[
x2−3+ 2
x
]
− msmc
25pi2
(2〈q¯q〉2 + 〈q¯q〉〈s¯s〉)
[
1−x
]
ρ
〈G3〉
1 (s) =
m2c〈G3〉
5 · 32 · 216pi6
[
31x2−480x+84+780 log(x)+ 368
x
− 3
x2
]
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